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Recap 

!   Ingredients of First Order Logic (FOL) 
Ð  Constants  john, janet 
Ð  Variables  X,Y 

Ð  Predicates  loves(_,_) 
Ð  Quantifiers ∀   ∃ 

Ð  function symbols succ(_), cons(_,_) 

!   How to represent data-structures in FOL 
Ð  Natural numbers succ(_), lists cons(_,_) 



Syntax of First Order Logic: Terms 

!   Terms: represent objects 
!   Well-Formed Formulas: represent true/false 
!   A constant is a term 

Ð  john  janet   nil  0 
!   A variable is a term 

Ð  X  Y  Z 
!   If  t1,É,t n are terms and f is a function symbol of 

arity n then f(t1,É,t n) is a term 
Ð  succ(0)     mother(X)     cons(john, cons(janet,nil)) 

!   No other expressions are terms 



WFFÕs for First Order Logic 

!   Atomic propositions are wffÕs: 
Ð    rains 

!   Predicates applied to terms are wffÕs 
Ð  loves(john,janet)    girl (mother(X)) 

!   If α and β are wffÕs then so are: 
Ð  (¬ α)           (α ∧ β) 
Ð  (α ∨ β)        (α → β) 

Ð  (∀X α)   (∃X α )  where X is a variable 

!   No other expressions are wffÕs 

Arity must!
be respected !!



Overview 

!   Propositional Logic 
Ð  Syntax: wffÕs 
Ð  Semantics: interpretations, models, consequence 

Ð  Proof Theory: proof by refutation using resolution 

!   First-Order Logic 
Ð  Syntax: wffÕs 

Ð  Semantics: interpretations, models, consequence 

Ð  Proof Theory 

What can one express ?!
What does it mean ?!
How do I compute it ?!



Interpretations & Models 
for First Order Logic: 

 
A very brief excursion 



Interpretations 

!   Propositions                              Connectives 
Ð  rains 

!   Constants 
Ð  Choose a domain D 
Ð  Map constants to elements of D 
Ð  john 

Ð  janet 

true!

false!
or!

D!

or!

Ð truth tables!



Interpretations II 

!   Predicates of arity n: 
Ð  Map to relations over Dn 

(i.e., a subset of Dn) 

Ð  girl(_) 

Ð  loves(_,_) 

D!

D! D!

girl(       ) = true 
 
girl(       )  = false 

⇒!



Example 

!   loves(john,janet) ∧ girl(janet) 

D! D! D!

true!true!

true! We have a model!
⇒!

SatisÞable wff!

girl(       ) = true 



Example 

!   loves(john,janet) ∧ girl(janet) 

D! D! D!

true!false!

false!
Not a model!

⇒!
Wff is not a tautology!

Another possible interpretation of the formula !!



Consequence and Equivalence 

!   Two wffÕs α and β are logically equivalent, denoted by 
α ≡ β, iff they have the same models  

(girl(a) ∧ girl(b))  ≡  (girl(b) ∧ girl(a)) 
girl(a)  ≡ girl(b) 
 

!   A wff α is called a logical consequence of β, denoted by 
β ⇒ α, iff every model of β is also a model of α 
girl(a)  ⇒  !  X girl(X) 
(�ò X.(girl(X) → loves(john,X)) ∧ girl(janet))   ⇒  loves(john,janet) 



Determining Logical Consequences 

!   S ⇒ {L} ? 
Ð  Try out all possible interpretations vi 

!   Check whether vi is a model of S 

!   If it is, check whether vi is also a model of L 

Ð  But: infinite models ! , infinite number of models !   

!   How to do it without constructing all models ? 



Herbrand Models and Clausal Form 

!   Important Results: 
Ð  For a certain class of formulas (clausal form) it is 

sufficient to look only at Herbrand models 
!   Domain D = all the terms without variables 

!   Terms are mapped to themselves ! 

Ð  All formulas can be translated into clausal form 
Ð  Resolution can be extended for clausal form ! 



Herbrand Interpretation Example 

!   loves(john,janet) ∧ girl(janet) 

D! D! D!

false!false!

false!
Not a model!

⇒!
Wff not a tautology!

john!

janet!

john!

janet!

john!

janet!



A Herbrand Model 

!   loves(john,janet) ∧ girl(janet) 

D! D! D!

true!true!

true!
a model!
⇒!

Wff is satisÞable!

john!

janet!

john!

janet!

john!

janet!



Herbrand Models 

�ò x.(girl(x) → loves(john,X))  ∧     girl(janet)          ⇒  loves(john,janet) 

D! D! D!

true!true!

true!

john!

janet!

john!

janet!

john!

janet!

D! D! D!
john!

janet!

john!

janet!

john!

janet!

24 * 22 = 
 64 Herbrand 
interpretations 
 
How many models ? 

model: 

not a 
model: 



Herbrand Models 

�ò x.(girl(x) → loves(john,X))  ∧     girl(janet)          ⇒  loves(john,janet) 

true!true!

true!

24 * 22 = 64 Herbrand interpretations 
12 models 

girl={ janet}, 
     loves={(john|->janet)} 
 
     girl={janet}, 
     loves={(john|->john),(john|->janet)} 
 
     girl={janet}, 
     loves={(john|->john),(john|->janet),(janet|->john)} 
 
     girl={janet}, 
     loves={(john|->john),(john|->janet),(janet|->john),(janet|->janet)} 
 
     girl={janet}, 
     loves={(john|->john),(john|->janet),(janet|->janet)} 
 
     girl={janet}, 
     loves={(john|->janet),(janet|->john)} 
 
    girl={janet}, 
     loves={(john|->janet),(janet|->john),(janet|->janet)} 

 
     girl={janet}, 
     loves={(john|->janet),(janet|->janet)} 
 
    
     girl={john,janet}, 
     loves={(john|->john),(john|->janet)} 
 
     girl={john,janet}, 
     loves={(john|->john),(john|->janet),(janet|->john)} 
 
     girl={john,janet}, 
     loves={(john|->john),(john|->janet),(janet|->john),(janet|->janet)} 
 
     girl={john,janet}, 
     loves={(john|->john),(john|->janet),(janet|->janet)} 



Proof Theory: 
Extending Resolution 
for First-Order Logic 



Recap: Refutation & Resolution 

!   Theorem: S ⇒ {L}  iff  S ∪ {¬L} is inconsistent 
Ð  Also valid for First-Order Logic! 

!   To prove S ⇒ {L}: 
Ð  Start from S ∪ {¬L} 

Ð  Put S ∪ {¬L} into CNF 
Ð  Apply resolution (inconsistency preserving) 

Ð  Try to arrive at an ÒobviousÓ inconsistency 
!   p ∧ ¬ p 

!   false 

Extend for FOL !!



Resolution for FOL 

I. FOL Resolution without variables!
!
!
!
II. UniÞcation!
!



Conjunctive Normal Form (CNF) for 
FOL 

!   Literal  = p(t1,..,tn) or ¬p(t1,..,tn) where p is a 
predicate or proposition (n=0) and ti are terms 

!   Clause =  
  universally quantified disjunction of literals 
Ð  Ex.:        ∀X  ¬p(a) ∨ q(X) 

  ∀X (∀Y f(X,Y) ∨ ¬m(X) ∨ ¬p(X,Y)  )  

!   CNF = conjunction/set of clauses 

Ð  ∀X ( ∀Y f(X,Y) ← m(X) ∧ p(X,Y) ) 

Ð  f(X,Y) :- m(X), p(X,Y).      in Prolog ! 

 ∀X not written"
explicitly !!



Resolution: Small Example 

1.)  umbrella ∨ ¬rains 
2.) rains 
3.) ¬ umbrella 
 
4 = 1+2) umbrella  
 
5 = 3+4.)  

Yes:  {umbrella←rains, rains} ⇒ {umbrella} 



Resolution in FOL 

1.)  umbrella(london) ∨ ¬rains(london) 
2.) rains(london) 
3.) ¬ umbrella(london) 
 
4. = 1+2) umbrella(london) 
 
5. = 3+4)  

S ⇒ {umbrella(london)}    OK ? 

S!



Resolution in FOL II 

1.)  umbrella(london) ∨ ¬rains(london) 
2.) rains(london) 
3.) ¬ umbrella(paris) 
 
4. = 1+2) umbrella(london) 
 
? = 3+4 )  

S ⇒? {umbrella(paris)}    OK ? 

S!

Ask Prolog!



Check Some Models 

!   S ⇒ {umbrella(paris)} ? 
Ð  S ={ umbrella(london)←rains(london), 

        rains(london) } 

 I(umbrella)  I(rains)  S  umbrella(paris) 

D!
london!

!
paris!

london!
paris!

! !

! !

" !

! ! Ok!london!
paris!

london!
paris!

london!
paris!

...!
NO! umbrella(paris)!

is not a logical consequence!



Resolution: Summary so far 

!   Propositions: ok 
Ð   rains !  ¬rains 

!   Predicates, identical terms without variables: ok 
Ð   rains(london)  !  ¬rains(london) 

!   Predicates, different terms w/o variables: not ok 
Ð  rains(london)  !   ¬rains(paris) 

!   What about variables ? 
Ð  rains(X)  !  ? ¬rains(london) 

Ð  rains(london)  !  ? ¬rains(Y) 
Ð  rains(X)  !  ? ¬rains(Y) 



Resolution in FOL III 

1.) ∀X umbrella(X) ∨ ¬rains(X) 
2.) rains(london) 
3.) ¬ umbrella(london) 
 
4 = 1+2) umbrella(london) 
 
5 = 3+4.)  

  S ⇒ {umbrella(london)}    YES 
  S ⇒ {∀X umbrella(X)}     NO 

S!

X ? 



Resolution with Variables 

!   Logical Consequences 

α ∨ β p ∨ α ¬p ∨ β 

α ∨ β p(a) ∨ α ¬p(a) ∨ β 

p(a) ∨ α ¬p(b) ∨ β 

q(a) ∨ β p(X) ∨ q(X) ¬p(a) ∨ β 

??α ∨ β p(X) ∨ α ¬p(Z) ∨ β 

 ∀X not written"
explicitly !!

⇒ 



Resolution for FOL 

I. FOL Resolution without variables!
!
!
!
II. UniÞcation!
!



Important Theorem (Robinson, 1963) 

!   It is sufficient to try out a single instantiation !! 

!   First Order Logic Resolution Principle: 
Ð  Select p(t1,..,tn) in C1 and ¬p(s1,..,sn) in C2  
Ð  Replace variables by fresh ones (to avoid clashes) 
Ð  Compute a ÒMost General UnifierÓ θ 
Ð  If successful p(t1,..,tn)θ = p(s1,..,sn)θ 
Ð  Apply θ to C1 and C2  
Ð  Do resolution as before: 

!   cancel out p(t1,..,tn)θ, ¬p(s1,..,sn)θ and keep the rest 



Substitutions 

!   Substitution: mapping from variables to terms 
Ð  Notation:  {X1/t1, É, Xn/tn} 
Ð  Examples: {X/a}  {X/b, Y/s(0)}  { Y/Z}  {} 

!   Applying a substitution to a term or wff 
Ð  Instantaneous replacement by right-hand sides 
Ð  Notation and examples: 

Ð  p(X){ X/a} = p(a)         p(Y){ X/b, Y/s(0)}=p(s(0)) 
Ð  p(Y,Z){Y/Z} = p(Z,Z)     p(a,X){} = p(a,X) 

Ð  p(Y,Y){ Y/s(Y)} = p(s(Y), s(Y)) 



Unifiers 

!   A substitution θ is called a unifier  of two terms 
(or wffÕs) A and B  iff  Aθ = Bθ 

!   Examples 
 A   B   a unifier θ   

p(X)   p(a)    { X/a} 
p(s(0))  p(Y)   { Y/s(0)} 
p(s(0))  p(Y)   { X/b, Y/s(0)} 
p(Y,Z)  p(Z,Z)  { Y/a, Z/a} 
p(Y,Z)  p(Z,Z)  { Y/ Z} 
p(a)   p(b)   none exists (not unifiable) 



Composition / More General 

!   Composition θσ of two substitutions θ and σ 
Ð  Defined like composition of functions: 

Aθσ = (Aθ)σ 
!   Examples 

Ð  { X/a}{ Y/b} = { X/a, Y/b} 
Ð  { Y/ Z}{ Z/a} = {Y/a, Z/a} 

!   (p(Y,s(t,Z)){ Y/Z}) { Z/a} = p(Z,s(t,Z)){ Z/a} = p(a,s(t,a)) 
!   p(Y,s(t,Z)){ Y/a, Z/a} = p(a,s(t,a)) 

!   We say that θ is more general than θσ 



Unification Theorem 

!   If two terms (or wffÕs) are unifiable, then there 
exists a most general unifier (mgu) 

!   Furthermore, this mgu is unique up to variable 
renaming 

!   There exists a (linear) algorithm for computing 
the mgu 



Resolution Principle Revisited 

1. Select p(t1,..,tn) in C1 and ¬p(s1,..,sn) in C2 

2. Rename variables in C1 to fresh ones (to avoid 
clashes) 

3. Compute a most general unifier θ of p(t1,..,tn) 
and ¬p(s1,..,sn) 

4. Apply θ to C1 and C2  
 
5. Do resolution as before: 

cancel out p(t1,..,tn)θ, ¬p(s1,..,sn)θ and keep the rest 



Resolution Principle: Example 

1.) ∀X umbrella(X) ∨ ¬rains(X) 
2.) rains(london) 
 
 
 
1Õ.) umbrella(london) ∨ ¬rains(london) 
2Õ.) rains(london) 
 
1Õ+2Õ) umbrella(london) 

3. mgu θ = {X / london}!

5. resolution!

4. apply θ 

1. select literals!

2. no renaming required 



Computed Answers 

1.) ∀X umbrella(X) ∨ ¬rains(X) 
2.) rains(london) 
3.) ¬ umbrella(Z) 
 
4 = 1Õ+2) umbrella(london) 
 
5 = 3+4.)  S ⇒ {umbrella(london)} 

 Computed answer: Z / london 

S!

MGU σ = {Z / london}!

| ?-umbrella(Z). 
 Z = london !



Main Points 

!   Resolution for First-Order Logic 
Ð  Conjunctive Normal Form 
Ð  Substitutions, Unifiers, MGU 

Ð  Resolution Principle 

!   Still to be seen: 
Ð  Algorithm to transform into CNF 

Ð  Algorithm for unification 
Ð  How Prolog controls resolution 


